principle to make the horizontal lift disappear from our formulae whenever possible. This is done by using covariant stochastic differentials. Our second main contention is that, once these covariant differentials are introduced, the formalism becomes as flexible and as complete as the real-valued case.
We begin by reviewing the basic elements of stochastic calculus in R, to fix notation and make it clear what we are extending to manifolds. Then we show how the notions of semimartingale and Stratonovich differential extend to manifolds. Next we consider a vector bundle with connection and the associated notions of horizontal lift of a semimartingale and parallel translation. Section 4 specializes to the case where a connection is given on the tangent bundle of our manifold: this permits the definition of Ito differentials, we introduce a Doob-Meyer decomposition and show it transforms under a change of measure by the familiar Girsanov formula. So far, everything is well known and is covered in greater depth in Emery's book [Em] ; in particular we refer to [Em] for the existence of the stochastic development.
Beginning in Section 5, we introduce notions of covariant stochastic differential for semimartingales in a vector bundle with connection. These notions may also be found in Elworthy's book [El] . The This application is pursued in [N] . In Sections 9 and 10 we give simple ' 
This limit is the Stratonovich integral. Also (y (k 2N)-y (k+1 2N)) ( x (k+1) 2N)-x ( k 2 N ) ) ~ 0 3 C 3 xsy s . such that, for all k and w, there is an f such that xt(w) E D~ whilst Tk(úJ) t Tk+1(w). where coordinates are taken in the chart on Di for any suitable £, it makes no difference which. The obvious extensions of these integrals to general 7 and T do not depend on the sequence of random times, nor the atlas used.
The discrete approximations to the Stratonovich and quadratic integrals on R give us discrete approximations, converging in probability, to the integrals on M. This is useful for simulation. It shows also that ( fs depends only on : ~(w) s T(w)) and similarly for the quadratic integral. It shows moreover, because of the time symmetry of the discrete approximations, that if at happens to be a semimartingale in some reverse-time filtration then the reverse-time integral is the same as the original.
The above argument with random times Tk shows also that the following local differential formulae do correspond to identities between stochastic integrals. Firstly there is a natural extension of (2):
Secondly, the chain rule extends to semimartingales in M:
We can consider stochastic differential equations on manifolds. Suppose given a semimartingale xt in M and a smooth section V of the bundle T N 0 T*M over N x M, where N is another manifold. 
This definition is, like (5) 
We deduce (26) from (1):
The proof of (27) (26), (27) . Equation (31) Hence the Ito form of (31) There is a more constructive way of describing the class of Laplacians. Let V be any connection on F and let V E r(End F); write V also for the Levi-Civita connection on T*M and for the product of these connections on F Q9 T*M, then
is a Laplacian, and moreover any Laplacian can be written in this form. 
and for b E r{T*N ~ T*N) the quadratic variation satisfies
In order to discuss Ito differentials and martingales we must first fix connections on M and N. The relation between the map f and these two connections is described by the fundamental form of f which we shall briefly introduce. We refer to Vilms [V] where the first term vanishes because ui is driven by 8Xt which is independent of zt and the second term vanishes because Ut : F -> M is totally geodesic.
